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Abstract. An iv-admissible almost complex structure on a 2n-dimensional 
symplectic manifold (M, lu) is a a;-calibrated almost complex structure J ad- 
mitting a nowhere vanishing 9j-closed (n, 0)-form ip. After giving some exam- 
ples we consider the moduli space of admissible almost complex structures and 
we study infinitesimal deformations. As special case, we write down explicit 
computations for the complex torus. 



1. Introduction 

The interplay between symplectic and complex structures has been studied quite 
extensively in the last years (see e.g. [I], [2], [9], [10], [M] and the references therein). 
It is well known that on an a symplectic manifold {M, uj) there exist many almost 
complex structures J such that 

(1) Uj[x]{v,w) = Uj[x]{Jj:V, JxW) , Lu[x]{u, J^u) > , 

for any x £ A/, v,w,u G T^M, u (see e.g. [5], [^). An almost complex 
structure J on a symplectic manifold (M, lu) is said to be u- calibrated if it satisfies 
condition ([1]). Furthermore the existence of special holomorphic structures on a 
symplectic manifold (e.g. Kahler structures, Calabi-Yau structures) imposes strong 
conditions on the topology of the manifold. Hence, it is natural to consider the non- 
integrable case in order to have more flexible structures. In this context, the notion 
of symplectic Calabi-Yau manifold has been considered in [4] , [5] and it appears as 
a natural generalization of Calabi-Yau manifolcf^. This generalization is different 
from that one given by Hitchin in [12j in the context of generalized geometry. 

Namely, a symplectic C'alabi- Yau manifold is a symplectic manifold (M, uj) 
endowed with an w-calibrated almost complex structure J and a complex volume 
form if) covariantly constant with respect to the Chern connection of {M,J,u}). 
This is equivalent to have an almost Kahler manifold endowed with a 9j-closed 
complex volume form. In dimension 6 this definition can be improved by requiring 
that the real part of the complex volume form be closed. Such structures are called 
symplectic Half-flat. 
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In the present paper we study the moduh space of cj-cahbrated almost com- 
plex structures admitting a symplectic Calabi-Yau structure. Such almost complex 
structures will be called uj- admissible. 

First of all, we give an example of a non-admissible almost complex structure 
on a 6-dimensional compact symplectic manifold. This manifold provides an 
example of an almost Kahler manifold whose Chern connection has holonomy 
non-contained in SU(3). Then, we study the infinitesimal deformations of the 
space of w-admissible almost complex structures and we compute the virtual 
tangent space to the moduli space. In the last part we apply our results to the 
torus showing that the standard complex structures is not rigid. 

In section 2 we recall some preliminary results on complex manifolds and Her- 
mitian geometry and give the basic definitions. In section 3 we give the example 
described above and an example of a compact almost complex 6-manifold which 
admits symplectic Calabi-Yau structures, but has no symplectic half-flat structure. 

In section 4 we study the infinitesimal deformations of the space of w-admissible 
almost complex structures ACuj{M). We introduce the deformation form Ol (see 
subsection 14. 21 for the precise definition), which is a 1-form depending on the choice 
of an endomorphism of TM and on a complex 5-closed volume form, and we prove 
the following 

Theorem. Let (Af, w) be a symplectic manifold. Fix J G ACi^{M) and consider a 
.smooth curve Jt in ACuj{M) close to J and satisfying Jq — 0. Then the derivative 
Jo of Jt at is given by 

Jo = 2 JL, 

where L G End(TAi^) satisfies the following conditions 

LJ = - JL 

and for any nowhere vanishing dj -closed ip G Ay^{AI) the deformation form 9l{'4') 
is d J -exact. 

A key tool to prove this theorem is proposition which describes the relation- 
ship between the (9-operators of two close almost complex structures (see section 4) . 

In the compact case the previous theorem allows to define the virtual tangent 
space to the moduli space of admissible almost complex structures 

m{AC^{M)) = ^C^(Af)/Sp^(Af) . 

In particular we can introduce the concepts of unobstructed and rigid cj-admissible 
almost complex structures. See proposition 14.81 and definition 14.91 

In section 5 we apply the results of section 4 to to the complex torus, showing 
that its standard complex structure is not rigid. 

This paper has originated from a series of seminars given in Florence. We 
would like to thank Paolo de Bartolomeis for useful comments and remarks. We 
also thank Paul Gauduchon for his precious help. 
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2. PRELIMINARIES 

Let (M, J) be an almost complex manifold manifold. Then the bundle of complex 
valued r- forms A^{M) decomposes as 

Am) - A^y'(M), 

p+q=r 

where Aj''(M) is the bundle of (p, g)-forms on {M,J). According with the above 
decomposition, the exterior derivative 

d: AaAf)->A^+i(Af) 

splits as 

d: A7(M) ^ AP+^'''-\M) (B AP+^^\M) ® A^f+^M) © A^^'^+'CM) , 

Aj + dj + dj + A J . 

Let uj be an almost symplectic structure on M, i.e. w is a non-degenerate 2-form 
on M. An almost complex structure J is said to be uj-tamed if 

L0[x\{v, JxV) > 

for any x G M, v £ T^M , v ^Q. 
If J satisfies the extra condition 

uj[x\{JxV, Jxw) = uj[x]{v, w) , 

for any x £ M, v,w T^M , then J is said to be oj- calibrated. In this case 

gj[x\[v,w) -.^ uj[x\{v,Jxw) , 

defines an almost Hermitian metric on M (i.e. a J- invariant Riemannian metric). 
We denote by Tuj{M) and by Cui{M) the space of w-tamed and w-calibrated almost 
complex structures on M respectively. It is well known that %j{M) is a contractible 
space (see e.g. [2]). In particular, the first Chern class of (M, J) does not depend 
on the choice of J G %j{M). Hence it is well defined the first Chern class of (M, w). 

By definition, an almost complex structure J is said to be integrahle (or a complex 
structure) if the Nijenhuis tensor 

Nj{X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y] 

vanishes. 

In the sequel we will use the following fact (see e.g. [13]): 

let (M, J) be a compact almost complex manifold and f : M C be a J -holomorphic 
function, then f is constant. 

Now we are going to recall the definition of symplectic Calabi- Yau structure. Let 
{M,Lo, J) be an almost Kahler manifold and let \7^^ be the Levi Civita connection 
of the metric gj associated with {uj, J). Then the Chern connection is defined as 

V = V^'^ - -JV^^J 
2 

and it satisfies the following properties 

V5 = 0, VJ = 0, T^^^Nj, 
being the torsion of V. 
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Remark 2.1. We recall that V°'^ = dj (see e.g. [S]), where V°'^ denotes the 
(0, l)-coniponent of V. 

We have the following definition (see [5]) 

Definition 2.2. A symplectic Calabi-Yau manifold consists of {AI,uj, J^ijj), where 
{M, uj) is a 2n- dimensional symplectic manifold, J is an co-calibrated almost complex 
structure on M and tp is a nowhere vanishing {n,Q)-form on M satisfying 

\7ip = 0, 

where V is the Chern connection of {to, J). 

Remark 2.3. Note that a Calabi-Yau manifold is in particular a symplectic Calabi- 
Yau manifold. Indeed in this case the Chern connection is the Levi Civita one, since 
J is integrable. 

In the 6-dimensional case we can improve the previous definition by requiring 
that the real part of ij: is d-closed; namely 

Definition 2.4. A symplectic half-flat manifold is the datum of{M,u!, J,ip), where 
{AI,Lu) is a 6-dimensional symplectic manifold, J is an uj-calibrated almost complex 
structure on M, ip is a nowhere vanishing {3,0) -form such that 

— 4 n 

Vip^O, Tp Alp ^ --iuj-\ d3?eV' = 0. 
o 

These structures are just the intersection between symplectic and half-flat ones. 
The latter have been introduced and studied by Hitchin and Chiossi-Salamon (see 
[TT] and [3]). In this situation is possible to perform (special) Lagrangian geometry 
by considering Lagrangian submanifolds calibrated by 5ReV' (see |3]). 

Remark 2.5. Note that the condition Vip = is redundant since it can be showed 
that, given a nowhere vanishing tp £ Aj°(M), then the following facts are equivalent 
(see m 

ipA^ = i\uj^ j V-0 = 

dditip^O ^\ {Aj+Aj)i}^0, 

where A G M, A 7^ and Aj : A^/iM) A^+^'«~^(M) denotes the (p -f 2, g - 1)- 
component of the exterior derivative of a {p, (7)-form. 

We introduce now the definition of admissible almost complex structures. 
Namely, if (M, uj) is a symplectic manifold, an w-calibrated almost complex struc- 
ture J on M will be called admissible if there exists 4' G Ay°{M) such that the 
triple {uj, J, ip) is a symplectic Calabi-Yau structure on M . More precisely we state 
the following 

Definition 2.6. Let {M,uj) be a symplectic manifold. An almost complex structure 
J on M is said to be -admissible if 

1. J is UJ- calibrated; 

2. there exists a nowhere vanishing ip G Aj'*'(M) such that djip — 0. 

In the next sections we will study some properties of admissible almost complex 
structures and we will introduce the Moduli space of such structures. 
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3. Examples 

We start by giving an example of an almost complex structure which admits a 
symplectic Calabi-Yau structure, but it has no symplectic half-flat structures. 




I 2:1,2:2,^3 e 

be the complex Heisenberg group and let F C G be the subgroup with integral 
entries. Then M — G /T is the Iwasawa manifold. It is known that M is symplectic, 
but it has no Kahler structures (see [6]). 
Let Zr = Xr + ixr+3, r = 1, 2, 3, and set 

ai = dxi , a2 = dxs — xidx2 + x^dx^ , = dx^, 

ai = dxi , as = dx2 , ae = dxQ — Xidx2 — xidx^ , 

then {ai, . . . , ag} are invariant 1-forms on G, so that {ai, . . . , ag} is a global 
coframe on M. We immediately get 

dai = das = da4 — da^^ — 
da2 = —Q.1 A 0^5 — Q!3 A a4 
daQ = — a4 A as — ai A cka . 

Let {^1, . . . , ^e} be the dual frame of {ai, . . . , ag}; then 

(Ji(r)^ir+3 r= 1,2,3 

{ji(3+r) = -Cr r= 1,2,3, 

defines an almost complex structure on M calibrated by the symplectic form 

w = ai A a4 + a2 A as + aa A ae . 
Let ip — (ai + i a^) A (a2 + i as) A {a^ + i ag), then a direct computation gives 

Hence the conditions above and remark [TT] imply 

VV' = 0. 

Hence {lo, J, i/i) is a symplectic Calabi-Yau structure on M. 

Now we prove that there are no nowhere vanishing (3,0)-forms 77 on M such 
that 

dKery = 0. 

In particular (M, J) does not admit any symplectic half-flat structure. 

In order to show this let t] G A^'°(M); then there exists / G G°°(M, C) such that 

Let f — u + iv and set 

n n 

du = Ui ai , dv — Vi ai . 

i=l i=l 
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A direct computation shows that 

dSRe 1] ^{ue + t's) 03456 + (^2 + U5) ^2456 + (-"i + ^4) 0^1345 + 

+ (-"6 - V3) Q!i236(-U3 + Vq) Q;2346 + (-""5 ~ V2) Q:i235 + 

+ (mi - Vi) ai246 + (^3 - We) "1356 + « "1245+ 

- V Q;i346 + (u + M4 + Vi) Q1456 + [u - - Vi) ai234 + 
+ {~U2 + W5) "2345 + ("2 - W5) "1256 , 

where Uijhk = "i A aj A A a^. Hence dKe 77 = if and only if u = u = 0. □ 

The next nilmanifold provides an example of a compact almost complex manifold 
with vanishing first Chern class and such that there are no Hermitian metrics whose 
Chern connection has holonomy contained in SU(3). This is in contrast with the 
integrable case, in view of Calabi-Yau theorem. For other examples involving the 
Bismut connection see [7]. 




: x,y,te. 

be the 3-dimensional Heisenberg group and let F C -ff (3) be the cocompact lattice 
of matrices with integral entries. Then X = x _ff(3)/F is called the Kodaira- 
Thurston manifold. 

Let M = X X, where is the 2-dimensional standard torus. Then M can be 
viewed as where 



[{xi,X2,x^,Xi, xs, xe)] = [{xi+mi, a;2+m2, 2:3+7713, 2:4+7714, 2:5+7775, 2:6+7774X5+7716)] , 
for any {mi, 1712,1713,1714,171^, me) G 'ZP. The 1-forms 

ai — dxi , 012 — dx2 , as — dx^ , 

ai — dx4 , a5 = dx5 , uq — dxQ — x^dx^ , 

define a global coframe on AI. We have 

dui = , for 7 = 1 , . . . , 5 , 

daQ = ~a4^ A . 

The 2-form 

u; = ai A a2 + Q!3 A Q!4 + 0:5 A a6 J 
is a symplectic structure on M . Let J be the almost complex structure defined on 
the dual frame of {ai, . . . , ae} by the relations 

J(Xi) := X2, J{X3) := Xi, JiX^) Xe, 

J{X2) := -Xi, J(X4) := -X3, J{Xe) -X5 . 
J is an w-calibrated almost complex structure on M . The form 

ip {ai + 7q;2) A (as + ia^) A (05 + iae) 
is a nowhere vanishing section of Aj°(Af ). We have 

djip — —(as — ian) A ip . 
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Now we prove that there are no nowhere vanishing (3,0)-forms rj on M such that 
djT] = 0. Set 

Z, = ^{X,-tJX,), J = 1,2,3 

and 

— + iJcij , J = 1, 2, 3 . 

Any r] S Aj'°(M) is a multiple of ■tp, i.e. there exists a function f = u + iv G 
C°°{M,C) such that V = / ??■ Then 

3 

djv = dj{fi>) =dj!M> + fdA = [Y. ^^(f) C, - / C2) A V • 
Therefore djrj = if and only if the following systems of PDE's are satisfied: 



0, 

u = 
f = 0, 

XidxgU = 
xAeV = , 

where the unknowns u, v are functions on satisfying 

u{x) — u{xi + ■mi,X2 + m2,xz + m^, X4 + 7714, X5 + m^, xq + 7714X5 + TRg) , 
v{x) ~ v{xi + 777i, a;2 + 7772, + "T-a, + 1714, X5 + m^jXe + 7774X5 + rrag) 

for any 7711 , . . . , 7776 £ 

Equations a. imply that / = /(xa, X4, 3:5, xe). Since / is a function on M, then 
/ is Z— periodic in 0:3, X5, xg. Therefore we can take the Fourier expansion of u and 
V. Set 

u{x3,X4,X5,Xe)= J2 UAr(x4)e2-^("^^^+"^^^+"«^^), 

where = (773,775,716). Then 

(2) dx,u^ J2 27rm577Ar(x4)e2"("='^^+"^^^+"'^^«) , 

and the same relation holds for d^^u, dx^^v, dx^v. Hence, by plugging ([2]) and the 
other expressions for the derivatives of u, v into equations c, we get 

(775 + X4776) Un{x4) — Uq Vn{x4) ~ 
776WAr (Xi) + (775 + X4776) 7;Ar(a;4) = , 

for any A^ = (773, 775, 775) G Z^. If (715 + a;47i6)^ + n| 7^ then UN{xi) — VNix^) = 0. 
Therefore if / satisfies equations a. and c. then / /(a;3,a;4). In particular / 



dxiU - dx^v 
dxiV 



dx^u 



dx^u - dx^v 



dx^v 



dxaV - dx.u - 



dx,v 
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must be Z^-periodic. By equations b. we immediately get / = 0. Hence J is not 
admissible. 

4. Moduli spaces of admissible almost complex structures 

Let (M, w) be a symplectic manifold with vanishing first Chcrn class. By using 
notation of section 2 let 

C^M) = {J e End(rM) \J^ = -I, Lu{-, •) = uj{J-, J-) , J-) > 0} 

be the space of cj-calibrated almost complex structures on M . 
Let J be an w-calibrated almost complex structure; then we say that J G Cc^(M) 
is close to J if det(/ — J J) ^ 0. It is known that the space of w-calibrated al- 
most complex structures close to a fixed J is parametrized by the tangent bundle 
symmetric endomorphisms anti-commuting with J and having norm less than 1: 
namely J is close to J if and only if there exists a unique L G End(TAf) such that 

J = RJ R ^ , 
*L = L, 
LJ = ^JL , 

J|i||<l, 

where R = I + L and the norm || • || is taken with respect to gj (see [2]). 
Denote by 

AC^{M) = { J e C^{M) I J is - admissible} . 
Then the symplectic group 

Sp^{M) = {0 e Diff(M) \(j)*LU = uj} 
acts on ACi^{M) by conjugation 

(0, J) I > (j)^^ o J O 0* . 

Let 

be the relative Moduli Space. 

4.1. Deformation of dj. In order to give a description of Tl{ACuj{M)), we have 
to describe the behavior of the d operator for an almost complex structure J close 
to a fixed J. We start considering the following 

Proposition 4.1. Let R = I + L be an arbitrary isomorphism ofTM. Then 
(3) RdR^^-/^d'y+[TL,d]-/ + aLj 

for any exterior form a in M of positive degree, where: 

• T]^ is the zero order derivation defined on the r -forms by 

TL7(Xi, X2 ...,Xr) =7(LXi, X2, . . . , X„) + l{Xi,LX2, X„) + 



• [TL,d] = TLd - dTL; 



+ 7(Xi,X2,...,LX„); 
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• ol is the operator defined on the l-form as 

GLOiiX.Y) -.^ a{R-\NLiX,Y))) , 

bemg Nl{X,Y) := [LX,LY] - L[LX,Y] - L[X,LY] + L^[X,Y], and ex- 
tended on the forms of arbitrary degree by the Leibniz rule. 

Proof Let a e A^{M) and let X,Y e TM. We have 

RdR-^a{X,Y) ^dR-^a{RX,RY) ^ RXa{Y) - RYa{X) + a{R-^[RX, RY]) 

=Xa{Y) - Ya{X) + a{[X, Y]) + LXa{Y) - LYa{X) 

+ a{R-^ [RX, RY] - [X, Y]) 

=da{X,Y)+LXa{Y) ~ LYa{X) + a{R-^[RX, RY] - [X,Y]). 

Moreover 

TLda{X, Y) ^da{LX, Y) + da{X, LY) 

=LXa{Y) - Ya{LX) + a{[LX, Y]) + Xa{LY) - LYa{X)+ 
a{[X,LY]) 

and 

dTLa{X, Y) = Xa{LY) - Ya{LX) + a{L[X, Y]) . 
Therefore we obtain 
{RdR-^ ~ [TL,d])a{X,Y) =da{X,Y)+ 

a{R-^ [RX, RY] - [LX, Y] - [X, LY] + L[X, Y] - [X, Y]) 

Now we have 

R{R^^[RX, RY] - [LX, Y] - [X, LY] + L[X, Y] - [X, Y]) = 
= [RX, RY] - R[LX, Y] - R[X, LY] + RL[X, Y] - R[X, Y] = 
= [LX, LY] + [LX, Y] + [X, LY] + [X, Y] - [LX, Y] - L[LX, Y] 

- [X, LY] - L[X, LY] + L[X, Y] + L^[X, Y] - [X, Y] = 
= Nl{X,Y), 

i.e. 

R-^[RX,RY] - [LX,Y] - [X, LY] + L[X,Y] - [X,Y]) = R-\Nl(X,Y)) 
Hence we have 

(RdR-^ - [TL,d])a{X,Y) = da{X,Y) + a{R-\NLiX,Y))) 

which proves the proposition when a is a l-form. Since the operators on the two 
sides of formula ([3]) satisfy Leibnitz rule, the proof is complete. □ 

Now we are ready to give the following 

Proposition 4.2. Let J, J be close almost complex structures in Caj{M). Let dj, 
dj be the d-operators with respect to J , J respectively. Then 

1. Rdjf = d.jf + Ldjf, 

2. RdjR-^a = dja + [TL,d]P''i+^a + (J^'^^^a , 

where f e C°°{M,C), a G A^iM), J = RJR-\ R = L + L, [TL,d]P^i+\ 

denote the projection of the bracket [tl, d] = T^d — dr^ and of the operator on 

the space A^'''^^{M), respectively. 
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Proof. 1. Let / e C°°{M,C). We have 

Rdjf = Ridff' = {Rdff-^ - {df + Ld/)°'i = djf + Ld/°'i = djf + Ldjf'^ , 
where the subscript 0, 1 denotes the projection onto A~^(M). 

2. Let a G A.^/{M). Then we have 

RdjR-^a = RidR-^a)P^^ = {RdR-^aY^''+^ 

where the subscript p.q + 1 denotes the projection onto A -''^^(M). □ 

4.2. The deformation form. In this subsection we introduce a (0, l)-form which 
will be a useful tool to study infinitesimal deformations of admissible almost com- 
plex structures. 

Let {M,u>) be a symplectic manifold, J € C(^(M) and tjj G Aj°(M) nowhere 
vanishing. For any endomorphism L of TM anticommuting with J there exist 
unique forms /Ui(V'), tl{iP) G A°'^(M) satisfying the following relations 

{tlAj V')"'^ = /xz,(V') a V , djTL ^ = 7i(^) A V • 
Definition 4.3. The (0, l)-form 

OlW := lJ.L{i)) - lL{i)) 
is called the deformation form of L. 

Note that if J is integrable, then 6l{'4') = ~7l(V')) since Aj = 0. 

The following lemma gives the behavior of dLi'il') when the complex volume form 

■0 changes: 

Lemma 4.4. Let tp, tp' € A^'°(M) be dj-closed. Let {Zi, Zn} be a local (1, 0)- 

frame and {Ci, . . . , Cn} be the dual frame. 

Then 

1. /iL(V'') = mlW , 

2. 7l(V'')=7lW 

where tp' = ftp and ri{f) is the (0, l)-form defined locally as 

1 " 

V{f) = —f Yl Zk{f)LkrQr, 
•' k,r=l 

where 

n 

LiZ,) = Y.L-,,Z,. 

Proof. By definition we have 

A V' HrMT'' = {TLAjfi^r^^ = /(TiAj^)"'i 
=ffJ-L{tp) Alp = fJ,Liip) Alp' ■ 
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Therefore 1. is proved. 
We have 

7l('(/'') Alp' ^ djTL-ijy = djTLfip 

= djf A TLip + f djTLip 

= djf A TLip + f-fLW A 

= dj f A TL^p + -fL{ip) A ip' . 

Now we express djf A r^ip in terms of ip' . With respect to the local (l,0)-franie 
{Zi, . . . ,Z„} we get 

ip = hCi A ■ ■ ■ ACn, 
where /i is a local nowhere vanishing smooth function and 

n 
k=l 

Now we have 

TLtp = hLiCi) A • • • A Cn + • • • + /iCi A • • • A L(C„) 

n n 

= h"^{Li-Cr A • • • A C„} + • • • + /l^{(-l)""^£„-Cr A • • • A Cn-l} ■ 
r— 1 r— 1 

Therefore 



djf A tlV = - Zk{f)Lkr C A V 



k.r=l 



1 

= -7 E ^fe(/)ife-CAV'. 

k,r=l 



Hence 



i.e. 2. is proved. □ 

Corollary 4.5. Assume that {M,uj) is compact. Then the deformation form 9l 
does not depend on the choice of the dj -closed complex volume form on M . 

Proof. Since M is compact if ip^^p' are two complex volume form on M satisfying 
djip = djip' ~ 0, then tp ~ cip' for some constant c on M. Hence by lemma l474l 

for any L £ End(rAf) anticommuting with J. □ 

4.3. Infinitesimal deformations of admissible complex structures. In this 
subsection we compute the infinitesimal deformations of admissible almost complex 
structures on a symplectic manifold. We start with the following 

Theorem 4.6. Let (A/, lu) be a symplectic manifold. Fix J G ACi^{M) and consider 
a smooth curve Jt in AC^{M) of almost complex structures close to J satisfying 
Jo = 0. Then the derivative Jq of Jt at is given by 

Jo = 2 JL, 

where L G End(TM) satisfies the following conditions 

LJ ^ -JL 
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and for any nowhere vanishing dj-closed ip G Aj'"(Af) the (0, l)-/orm 6'l('0) is 
dj-exact. 

Proof. Let ip G Ay^{M) be a nowhere vanishing complex form satisfying djijj — 0. 
Fix an cj-cahbrated almost complex structure J close to J. Then 

J = RJR-^ , 

where 

R. = I + L, L=^L, LJ+JL^O, ||L||<1. 
The form R^^ip G Aj'^(A/) is nowhere vanishing. Any other section ^' which 
trivializes Aj'^(M) is a multiple off/', namely 

with / e C°°(M, C), /(p) ^ for any peM. 

Hence the almost complex structure J is w-admissible if and only if there exists 
/ e C~(M,C) such that 

%(/i?-V) = o, 

where / ^ 0. 

By formulae of proposition 14.21 we have 

RdjifR-^ij}) ^R(djf A i?- V + fdjR-^i)) 
=R{djf) A V + fRdjR-^ip 
=djf Atlj + Ldjf A 7/- + fidji^ + [Ti, d]"' V + 
=djf A V + i^j/ A 1^ + /([Ti, c;]"^V + , 

i.e. 

(4) RdjifR'^t/,) ^ djf At/j + Ldjf A + /[tl, + • 

Let us consider a smooth curve of w- admissible complex structures Jt close to J, 
such that Jo = J. For any t there exists Lt € End(TM) such that if i?t — I + Lt, 
then 

Jt — RtJRt ^ I 

for LtJ + JLt = 0, ||Lt|l < 1 . We may assume Lq = 0. We set Lq = L. Then 

jQ = JL-LJ = 2JL. 
For any t there exists ft: M C, ft ^ 0, such that 

5j,(/ti?rV)-o. 

Hence by formula ([4]) Jt is w-admissible if and only exists ft: AI ^ C, such that 
ft + and 

(5) djft A + Ltdjft A ^ + /t[TL, , + MaLX'^i^ = ■ 
We may assume without loss of generality that 

/o = l. 

Since -^a-Lt |t=o = 0, by taking the derivative of ([5]) at i = we get 

(6) 9j/oAV+[rL,d]"'V = 0. 
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Let US compute [tl, dJ^'-^V- Since d — Aj + dj + dj + Aj, we have 

By the definition of /i^ (-!/)), 7l(V') we have 

(ril'jV')"'^ = /iL(V') A '0 , SjTiV = 7l(V') A V' • 
Hence (H]) reduces to 

djfo A ^ + (V') A V' - TlIV') A -0 = , 
so that ([6]) is equivalent to 

i.e. is (?j-exact. □ 

We give the following 

Definition 4.7. Let (M,uj) be a symplectic manifold and J G ACui{M). The 
tangent space to the moduli space VJl{ACi^{M)) at [J] is the vector space 

rr mrf AP (A TW I (^^''^) ^ -^C^ W *s a smooth curve s.t. 7(0) = J} 
Ty^m{AC^{M)) :^ TJOJW) 

where Oj{M) denotes the orbit of J under the action ofSp^{AI). 
As a corollary of theorem 14.61 we have the following 



Proposition 4.8. Let {M,uj) be a compact symplectic manifold of dimension 2n 
and let J G ACi^{M). Then the tangent space to the Moduli space ^Xfl{AC^{M)) at 
the point [J] satisfies 

T m/Ar ^nr^^r- ^ End(rM) \L^'L,LJ^ -JL , is dj - exact} 
^ ' {L-xJ I A G i M and Lx'^ — 0} 

Proof. By coroUarv 14.51 the (0, l)-form 9l does not depend on the choice of the 
volume form -0. Therefore, by theorem 14.61 if Jt is a smooth curve in AC^{M) 
satisfying Jo = J, then Jq — 2 JL, where L is a symmetric endomorphism of TM 
anticommuting with J and such that 9^ is 9j-exact. A standard argument shows 
that 

TjOj{M) = {CxJ I X e TM and Cxuj = 0} 
and this completes the proof □ 

In analogy to the classical case, it is natural to consider the following 

Definition 4.9. The vector space 

Ti/ m(Ar (AT\\ {-/^ e End(rAf ) \L^'L,LJ= -JL , 6^ ts dj ~ exact} 

{LxJ I A e i M and Lx'^ = 0} 
will be called the virtual tangent space to the moduli space DJl{ACi^{M)) at [J]. 

An LO -admissible almost complex structure will be called 

• non-obstructed if T[j]Tl{AC^{M)) = TV[j^m{AC^{M)) , 

• rigid ifTVy^m{AC^{M)) = {0}. 
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We end this section with the foUowing 

Remark 4.10. We observe the foUowing: 

i) In contrast to the case of deformation of complex structures (see e.g. jT5j), 
in this context, as far as we know, the fact that J in non-obstructed cannot 
be interpreted as a cohomological condition, since the c)j-operator does not 
give rise to a cohomology on the manifold; 

ii) All the considerations made in this section can be done by considering 
almost symplectic manifolds instead of symplectic manifolds. 

5. Admissible complex structures on the Torus 

In this section we apply the results of section 4 to the torus, computing explicitly 
the virtual tangent space to m{AC^{T'^''')). 

Let T^" = C"/Z^" be the standard complex torus of real dimension 2n and let 
{zi, . . . , Zn} be coordinates on C", Za — Xa + ixa+n for n = 1, . . . ,n. 
Then 

n 

Q = l 

ipn — dzi A • • ■ A dZn 

define a Calabi-Yau structure on T^". Therefore the standard complex structure 
Jn is a Wra-admissible complex structure on T^". 

Now we want to deform J„ computing the virtual tangent space TVj^dJl{ACui„ {M)) 
to the Moduh space Tl{ACi^^{AI)). According to the previous section, given a 
symmetric L G End(TM) that anticommutes with J„, we have to write down the 
(O,l)-form 7l = —Ol defined by 

Let 

" d — d 

L = ^ {L-sdzs ® T— + L-s d:zs ® ^— } , 

0Zf 0Zf 

s.r—1 

where {Lg-} are Z^"-periodic functions. Then we get 
TLipn — L{dzi) A • • • A dzn + • • • + dzi A • • • A L{dzn) 

n n 

= "^{LirdZr A • • • A dzn} H h ^{(-l)"""^L„r dZr A • • • A dZn-l} 

r—1 r—1 

n 

= ^ {-lY'^^Lsr dzr Adzi A ■ ■ ■ AdZs A ■ ■ ■ A dzn , 

r,s—l 



where ^ means that the corresponding term is omitted. Therefore we obtain 

" d 

9j(rLV) = - X! -^Ls-d:zr A-ip , 



r,s—l 





7L = - T^Lsr d^r 

^ dZs 

r,s—l 
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Then if Jt G ACu}{M) is a smooth curve satisfying Jo = Jn, then Jo = 2 J„L, where 

L =*L , J„L + L J„ = 

and the (0, l)-forni 



d 



^ OZs 



r,s=l 



is 9j„-exact. In order to compute TVjJ!0\.{AC^(T'^"')), we have to write down 
the Lie derivative CxJm for X G End(TAJ), such that Cx^n = 0. Let X = 
YlirLi ^r-gi" be a real vector field on T^", then a direct computation gives 



for r, s = 1, . . . , n. Furthermore 



d 



d_ 
d_ 

dXr 

d 



OXr CfXn-\-s 



2n 



K dx dx 

V f^djip \JtJba 



dZs dXr dZs " V dXr ^ 

r=l 



2n 



r=l 



. dar ( d 

dZg \dXr 

. dar / d 



d 

dXr 

d 



^ dZs \dXr dXr+n 



.dar^ 



dzs 
d 



V dXr+n 



dXr 



Eo ,. N / c .a 

r=l 



dZr 



I.e. 



r,5=l 



Therefore L = CxJn, with = if and only if 



(7) 



Lrs — 2— — (a,- — iar+n) , 



where periodic functions on M satisfying 





0. 



d 


d 


OXr 


OXs 


d 


d 


^ — + 

OXr 


Gn+r - 


d 


d 
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Now we show that the standard complex structure J„ on T^" is not rigid. 
In order to see this, we show that if L belongs to tangent space to the orbit of J„ 
at Jn and it has constant coefhcients, then L is zero. 

Let JnL G End(TT^"), where L is symmetric, anticommutes with J„ and it is such 
that L-s are constant functions. 

By equation ([7]) there exists X G TM such that JnL = Cx{Jn) if and only if 
d . d , . d 

OZs OXs OXs+n 



/dar dar+n\ .fdar+n dar 

\dx^ dXs+nJ V dxs dXs+n 



Therefore 



dar+n \ 


./dar+ 


dXs+n ) 


\ dxs 


' dar 


dar+n 


dxs 


dXs+n 


dar+n 


^ dar 


. dxs 


dXs-\-n 



that imply 



d^ 



dx^ dx'^j^n 



constant 
constant , 

= 



for any r, s = 1, . . . , n. 

It follows that the {a^} are harmonic functions on the standard torus T^" and then 
they are constant. Therefore any constant ^ L £ End(rT^") anticommuting with 
Jn defines a non-trivial element of T[j^]9]l{AC^^ (M)). Moreover any constant endo- 
morphisms ii, L2 of such type give rise to different elements of T[j^] 271(^7^ (M)). 
Hence J„ is not rigid. 
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